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Abstract 

We carry out the spectral analysis of matrix valued perturbations of 3-dimensional Dirac operators 
with variable magnetic field of constant direction. Under suitable assumptions on the magnetic field 
and on the pertubations, we obtain a limiting absorption principle, we prove the absence of singular 
continuous spectrum in certain intervals and state properties of the point spectrum. Various situations, 
for example when the magnetic field is constant, periodic or diverging at infinity, are covered. The 
importance of an internal-type operator (a 2-dimensional Dirac operator) is also revealed in our study. 
The proofs rely on commutator methods. 

1 Introduction and main results 

We consider a relativistic spin-i particle evolving in R 3 in presence of a variable magnetic field of 
constant direction. By virtue of the Maxwell equations, we may assume with no loss of generality 
that the magnetic field has the form B(x\, x 2 , X3) = (0, 0, B{x\, x 2 )). So the unperturbed system is 
described, in the Hilbert space L 2 (R 3 ; C 4 ), by the Dirac operator 

H := aiUi + a 2 U 2 + a 3 P 3 + (3m, 

where (3 = cto, ai, a 2 , 0:3 are the usual Dirac-Pauli matrices, m is the strictly positive mass of the 
particle and Hj := —idj — aj are the generators of the magnetic translations with a vector potential 
a(xi,x 2 ,x 3 ) — (ai(xi,x 2 ),a 2 (xi,X2),0) that satisfies B = d\a 2 — d 2 CLi- Since a 3 = 0, we have 
written P 3 := — 183 instead of II3. 

In this paper we study the stability of certain parts of the spectrum of H under matrix valued 
perturbations V. More precisely, if V satisfies some natural hypotheses, we shall prove the absence of 
singular continuous spectrum and the finiteness of the point spectrum of H := Hq + V in intervals of 
K corresponding to gaps in the symmetrized spectrum of the operator H° := erilli + a 2 H 2 + 03m in 
L 2 (R 2 ; C 2 ). The matrices aj are the Pauli matrices and the symmetrized spectrum <7g ym of H° is the 
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union of the spectra of H° and — H °. We stress that our analysis does not require any restriction on the 
behaviour of the magnetic field at infinity. Nevertheless, the pertinence of our work depends on a certain 
property of the internal-type operator H°; namely, the size and the number of gaps in of . We refer 
to 1 2 1, |7 1, 1 10 1, 1 1 1 1 and 1 15 1 for various results on the spectrum of H°, especially in the situations of 
physical interest, for example when B is constant, periodic or diverges at infinity. 

Technically, this work relies on commutator methods initiated by E. Mourre 1 13 1 and extensively 
developed in 1 1 1 . For brevity we shall constantly refer to the latter reference for notations and definitions. 
Our choice of a conjugate operator enables us to treat Dirac operators with general magnetic fields 
provided they point in a constant direction. On the other hand, as already put into evidence in 1 9 1, the use 
of a conjugate operator with a matrix structure has a few "rather awkward consequences" for long-range 
perturbations. We finally mention that this study is the counterpart for Dirac operators of 1121 . where 
only Schrodinger operators are considered. Unfortunately, the intrinsic structure of the Dirac equation 
prevents us from using the possible magnetic anisotropy to control the perturbations (see Remark l3~2l 
for details). 

We give now a more precise description of our results. For simplicity we impose the continuity 
of the magnetic field and avoid perturbations with local singularities. Hence we assume that B is a 
C(M. 2 ; M.) -function and choose any vector potential a = (ai, 0,2, 0) G C(IR 2 ; R 3 ), e.g. the one obtained 
by means of the transversal gauge 1 15 1. The definitions below concern the admissible perturbations. In 
the long-range case, we restrict them to the scalar type in order not to impose unsatisfactory constraints. 
In the sequel, .^(C 4 ) stands for the set of 4 x 4 hermitian matrices, and || • || denotes the norm of the 
Hilbert space Ti := L 2 (M 3 ; C 4 ) as well as the norm of 3§(H), the set of bounded linear operators on fi. 
N := {0, 1,2,.. .} is the set of natural numbers. $ is an arbitrary C°°([0, oo))-function such that = 
near and 1) = 1 near infinity. Qj is the multiplication operator by the coordinate Xj in H, and the 
expression ( • ) corresponds to y/l + (-) 2 . 



Definition 1.1. Let V be a multiplication operator associated with an element of L° 



;^h(C 4 )). 



(a) V is small at infinity lim 



(b) V is short-range 



V 



0, 

d?' < 00, 



(c) Let V L be in C^R^R) with x i-> (x 3 )(djV L )(x) in L°°(IR 3 ; K) for j = 1,2,3, then V 
long-range ;/ 



v,.is 



*(^)<Q3>(W 



dr 



< 00 for j = 1,2,3. 



Note that Definitions 1 1.1 K b) and ll. 11 (c) differ from the standard ones: the decay rate is imposed 
only in the 2:3 direction. 

We are in a position to state our results. Let D((Q3)) denote the domain of (Q3) in H, then the 
limiting absorption principle for H is expressed in terms of the Banach space Q := [D({Qs)), nj-^ / 2 l 
defined by real interpolation 1 1 1. For convenience, we recall that ^((Q^) 3 ) is contained in Q for each 
s > 1/2. 
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Theorem 1.2. Assume that B belongs to C(R 2 ; R), and that V belongs to L°° (R 3 ; £g h (C 4 )), is small 
at infinity and can be written as the sum of a short-range and a long-range matrix valued function. Then 

(a) The point spectrum of the operator H inM.\ <7g ym is composed of eigenvalues of finite multiplicity 
and with no accumulation point in R \ <7g ym . 

(b) The operator H has no singular continuous spectrum in R \ <7g ym . 

(c) The limits lim e _* + o('0, (H — A =F is) tp) exist for each tp £ Q, uniformly in A on each compact 
subset ofR \ {cr s ° ym U a pp (H)}. 

The above statements seem to be new for such a general magnetic field. In the special but im- 
portant case of a nonzero constant magnetic field Bq, the admissible perturbations introduced in Def- 
inition more general than those allowed in 1161 . We stress that in this situation (T® ym is equal 
to {±^/2tiBq + m 2 : n £ N}, which implies that there are plenty of gaps where our analysis gives 
results. On the other hand, if B(xi, X2) — » as \{x\, X2)\ — * 00, our treatment gives no information 
since both (— 00, — m] and [m, 00) belong to of . We finally mention the paper 1 3 1 for a related work 
on perturbations of magnetic Dirac operators. 



2 Mourre estimate for the operator H 
2.1 Preliminaries 

Let us start by recalling some known results. The operator Ho is essentially self-adjoint on & :— 
C yo (M 3 ; C 4 ) Thm. 2.1]. Its spectrum is symmetric with respect to and does not contain the interval 
(— m, m) 1151 Cor. 5.14]. Thus the subset Hq2# is dense in Ti since & is dense in D(Hq) (endowed with 
the graph topology) and Hq is a homeomorphism from D(Ho) onto H. 

We now introduce a suitable representation of the Hilbert space H. We consider the partial Fourier 
transformation 

^:9^Cu^ W)(0 ■=-)= f e-^^( ;x 3 )dx 3 , (2.1) 

JR V27T Jr 

where Ti 12 '■= L 2 (R 2 ; C 4 ). This map extends uniquely to a unitary operator from H onto jJ 6 Ti 12 d£, 
which we denote by the same symbol As a first application, one obtains the following direct integral 
decomposition of H : 

J Hi. 

where i?o(£) i s a self-adjoint operator in fi 12 acting as aiHi+a2H2+ct3^+f3m on C^°(R 2 ; C 4 ). In the 
following remark we draw the connection between the operator Ho (£) and the operator H° introduced 
in Section^ It reveals the importance of the internal-type operator H° and shows why its negative — Hq 
also has to be taken into account. 

Remark 2.1. The operator Hq(0) acting on C^°(R 2 ; C ) is unitarily equivalent to the direct sum op- 
erator (™ + © (™_ acting on C£°(R 2 ;C 2 ) © Cg°(R 2 ;C 2 ), where n± := ni ± iIL 2 - 
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Now, these two matrix operators act in L 2 (R 2 ;C 2 ) and are essentially self-adjoint on Cq°(R 2 ;C 2 ) 
H5\ Thm. 2.1]. However, the first one is nothing but H°, while the second one is unitarily equivalent to 
—H° (this can be obtained by means of the abstract Foldy-Wouthuysen transformation 1751 Thm. 5.13]). 
Therefore Ho(0) is essentially self-adjoint on Cq°(R 2 ; C 4 ) and 

a[H (0)] = a(H°)Ua(-H ) = a% ln . 

Moreover, there exists a relation between <t[Hq(£)] and <7g ym . Indeed, for £ € K fixed, one can show 
that iio(0 2 = H (0) 2 + C 2 on T>(H Q (£) 2 ) = T>(H (0) 2 ), so that 

a[H (0 2 } = a[H (0) 2 + e] = H#o(0)]) 2 + £ a = « m ) 2 +£ 2 , (2.2) 

where the spectral theorem has been used for the second equality. Since the spectrum of Hq(£) is sym- 
metric with respect to 1751 Cor. 5.14], it follows that 

<r[Ho@] = -^«n,) 2 +e U v /« m ) 2 +e 2 - 

Define jiQ := inf |cTg ym | (which is bigger or equal to m because H° has no spectrum in (—771, m) 1751 
Cor. 5.14]). Then from the direct integral decomposition of Hq, one readily gets 

v{Hq) = (-oo, -fi ] U \p ,+oo). (2.3) 

We conclude the section by giving two technical lemmas in relation with the operator Hq 1 . Proofs 
can be found in an appendix. 

Lemma 2.2. (a) For each n € N, H^ n S> belongs to D(Q 3 ), 

(b) P 3 H^ 1 is a bounded self-adjoint operator equal to H^ l P 3 on D(P 3 ). In particular, H Q ~ l 'H 
belongs to D(P 3 ). 

One may observe that, given a C 1 (]R; C)-function / with /' bounded, the operator /(Q3) is well- 
defined on T)(Q 3 ). Thus f(Q 3 )H^ n & is a subset of Ti for each n € N. The preceding lemma and the 
following simple statement are constantly used in the sequel. 

Lemma 2.3. Let f be in C 1 (R; C) with f bounded, and nel Then 

(a) iH^f(Q 3 ) - if(Q 3 )H^ is equal to -H^ a3 f (Q 3 )H^ on H^9, 

(b) P 3 H^f(Q 3 ) - f(Q 3 )P 3 H^ is equal to i{P 3 H Q ~ x a 3 - 1)/' (Qa)/^ 1 on 9. 

Both right terms belong to SS(TL). For shortness we shall denote them by [iH^ 1 , f(Q 3 )] and 
[P 3 H^J(Q 3 )} respectively. 

2.2 The conjugate operator 

The aim of the present section is to define an appropriate operator conjugate to Hq. To begin with, one 
observes that Q 3 P 3 H Q ~ 1 & C H as a consequence of Lemma l2.2l In particular, the formal expression 

A := \{H^P 3 Q 3 + Q 3 P 3 H^ 1 ) (2.4) 

leads to a well-defined symmetric operator on S>. 
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Proposition 2.4. The operator A is essentially self-adjoint on %) and its closure is essentially self- 
adjoint on any core for (Q 3 ). 

Proof. The claim is a consequence of Nelson's criterion of essential self-adjointness 1141 Thm. X.37] 
applied to the triple {(Q3), A, 2>}. Let us simply verify the two hypotheses of that theorem. By using 
Lemmas l2.2l and l2~3l one first obtains that for all ip € 

\\A^\\ = ||(P 3 ^ 1 Q3-| [P 3 Ho\Q 3 ])ip\\ <C||<Q 3 )V|| 
for some constant C > independent of ip. Then, for all ip G one has : 

(Ail), (Q 3 )i>) - ((Q 3 )iP, Ail>) = 1 lm (Q 3 iP, [P3H0 1 , (Q 3 )] ip) 

= i Reda^H- 1 - 1) Q 3 iP, QM^H^ip) ■ 

A few more commutator calculations, using again Lemma E3 with f(Q 3 ) = (Q 3 ) 1/2 , lead to the 
following result: for all ip £ @, there exists a constant D > independent of ip such that 

\(AiP,(Q 3 )iP)-((Q 3 )iP,AiP)\ <d||<Q 3 )'V|| 2 - □ 

As far as we know, the matrix conjugate operator i2A\ has never been employed before for the 
study of magnetic Dirac operators. 

2.3 Strict Mourre estimate for H 

We now gather some results on the regularity of H with respect to A. We recall that D(H )* is the 
adjoint space of D(H ) and that one has the continuous dense embeddings T>(H ) <— > H <— > D(H )*, 
where H is identified with its adjoint through the Riesz isomorphism. 

Proposition 2.5. (a) The quadratic form T)(A) 3 ip 1— > (H ~ 1 ip,iAip) — (Aip^iH^ip) extends 
uniquely to the bounded form defined by the operator — Hq 1 (P^Hq 1 ) 2 Hq 1 £ S$(Ji\ 

(b) The group {e }tem leaves D(Hq) invariant. 

(c) The quadratic form 

T>(A) 9^ (H^iPsH^fH^Mi)) - (AiP^H-^PsH^fH^i)), (2.5) 
extends uniquely to a bounded form on Ti. 

In the framework of 1 1 1, the statements of (a) and (c) mean that Ho is of class C 1 (A) and C 2 (A) 
respectively. 

Proof, (a) For any ip E 2$, one gets 

2 ((H^iAi/)) - (A^iH^iP)) = ([iH^\Q^,P z H^^) + (fyr ~V. [iH^\Q^) 

= -{fl^ty, (a^H^ 1 + H^a 3 P 3 )H^iP), (2.6) 
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where we have used Lemmas l2.2l and l2~3l . Furthermore, one has 

H^aa = -^H- 1 + 2H G 7 1 P 3 H Q - 1 (2.7) 
as an operator identity in SS(Ti). When inserting (12. 7> into (12. 6> . one obtains the equality 

(H^iAiP) - (A^iH^iP) = -(^H^iPaH^fHo 1 ^). (2.8) 

Since S> is a core for A, the statement is obtained by density. We shall write [iHq 1 , A] for the bounded 
extension of the quadratic form D(A) 9 ip i— > (Hq 1 ^, iAtp) — (Aip, iHq 1 ^). 

(b) Since T>(Hq) is not explicitly known, one has to invoke an abstract result in order to show the 
invariance. Let [iHo, A] be the operator in SB (D(Hq), T>(Hq)*) associated with the unique extension to 
T)(H ) of the quadratic form ip i-> (H ip, iAtp) - (Aip, iH ip) defined for all ip G D(F )nD(A). Then 
D(H ) is invariant under {e ttA } teM if H is of class C 1 ^) and if [iH , A]T>(H ) C Ti Lemma 2]. 
From equation d2.8i and [ 1 Eq. 6.2.24], one obtains the following equalities valid in form sense on Ti: 

-H^(P Z H^) 2 H^ = [iHo\A] = -H^ 1 [iHo, A] Hq 1 . 

Thus [iHo, A] and (P^H^ 1 ) 2 are equal as operators in SB (D(if ), D(H )*).But since the latter belongs 
to ^(7i), [iff, ,4]D(#o) is included in Ti. 

(c) The boundedness on 3) of the quadratic form d2.5i follows by inserting ( I2.4> into the r.h.s. term 
of d2.5i and by applying repeatedly Lemma 1231 with /(Q3) = Q3. Then one concludes by using the 
density of S) in T> (A) . □ 

From now on we shall simply denote the closure in Ti of [iHq, A] by T = (PjHq 1 ) 2 G SB(Ti). 
One interest of this operator is that J^TJ?" -1 is boundedly decomposable |6 Prop. 3.6], more precisely: 

j^- 1 - / e t(o with t(o = e 2 ^ (0" 2 e 

JR 

In the following definition, we introduce two functions giving the optimal value to a Mourre- 
type inequality. Remark that slight modifications have been done with regard to the usual definition 1 1 
Sec. 7.2.1]. 

Definition 2.6. Let H be a self-adjoint operator in a Hilbert space Ti and assume that S is a symmetric 
operator in SS{ r D{H),1){H)*). Let E H (X; e) := E H ((X - e, A + e)) be the spectral projection of H 
for the interval (A — s, A + e). Then, for all A G R and e > 0, we set 

g s H {X;e) := sup {a G R : E H (X; e)SE H (X; e) > aE H (X;e)} , 

g s H (X) := supg s H (X;e). 

00 

Let us make three observations: the inequality gf 1 (X;e') < gfj(X;e) holds whenever e' > e, 
Qh(X) = +00 if A does not belong to the spectrum of H, and gf I (X) > for all A G R if S > 0. We 
also mention that in the case of two self-adjoint operators H and A in Ti, with H of class C 1 (A) and 
S := [iH, A], the function gfj (■) is equal to the function £?#(■) defined in [l] Eq. 7.2.4]. 
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Taking advantage of the direct integral decomposition of Hq and T, one obtains for all A G R and 

e > 0: 

& (A; e) = essuvf ^ (A; e). (2.9) 

Now we can deduce a lower bound for ( • ) . 
Proposition 2.7. One /ias 



T 
9H a 



/ (A) > inf {^j^ : M € < m H [0, |A|] } (2.10) 
with the convention that the infimum over an empty set is +oo. 

Proof. We first consider the case A > 0. 

(i) Reca ll from <E3 that /i = inf |<r° ym | = inf{tr(F ) n [0, +oo)}. Thus, for A G [0 ,/x ) t he 
l.h.s. term of J2.10t is equal to +oo, since A does not belong to the spectrum of H$. Hence J2.101 is 
satisfied on [0, (Xq). 

(ii) If A G o"s ym , then the r.h.s. term of J2. 10l > is equal to 0. However, since T is positive, 
Oh (A) > 0- Hence the relation J2. lOi is again satisfied. 

(iii) Let < e < Ho < A. Direct computations using the explicit form of T(£) and the spectral 
theorem for the operator Ho(£) show that for £ fixed, one has 

S T H%)(^ £ )=^{^ ■ pe(X-e,X + e)na[H (O]}>j^^. (2.11) 

On the other hand one has Q H ^^ (A; e) = +00 if (A — e, A 4- e) H cr[i/o(0] = ' an ^ a fortiori 

e g^j(A;e) = +oo if ((A - e) 2 , (A + e) 2 ) n a[ff (£) 2 ] = 0. 

Thus, by taking into account equation (12.91 . ( 12.1 1> . the previous observation and relation i2.2\ . one 
obtains that 

(x + ey 

Suppose now that A ^ o"s ym , define /i := sup{<7g ym n [0, A]} and choose e > such that /i < A — e. 
Then the inequality ( 12. 12t implies that 

Hence the relation J2. 10l > follows from the above formula when e — > 0. 
For A < 0, similar arguments lead to the inequality 

g T Ho (A) > inf { : M G < m n [A, 0] }. 

The claim is then a direct consequence of the symmetry of of ym with respect to 0. □ 



^ (A; £ )>essinf{— : £ 2 G ((A - £ ) 2 , (A + ef) - « m ) 2 }. (2.12) 



The above proposition implies that we have a strict Mourre estimate, i.e. Qjj o (■) > 0, on R \ a^ ym . 
Moreover it is not difficult to prove that gf Io (A) = whenever A G of ■ It follows that the conjugate 
operator A does not allow to get spectral informations on Hq in the subset of, 



sym" 
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3 Mourre estimate for the perturbed Hamiltonian 



In the sequel, we consider the self-adjoint operator H := Hq + V with a potential V that belongs to 
L°° (M 3 ; i? h (C 4 )) . The domain of H is equal to the domain T>(H ) of Hq. We first give a result on the 
difference of the resolvents (H — — (Hq — z)^ 1 and, as a corollary, we obtain the localization of 
the essential spectrum of H. 

Proposition 3.1. Assume that V is small at infinity. Then for all z G C \ {a{H) U (j(Po)) the difference 
(H — z)^ 1 — (Hq — z)~ x is a compact operator. It follows in particular that a ess (H) = ct css (Hq). 

Proof. Since V is bounded and small at infinity, it is enough to check that Ho is locally compact 1 15 
Sec. 4.3.4]. However, the continuity of a implies that D(Hq) C H^ J4] Thm. 1.3]. Hence the statement 
follows by usual arguments. □ 

Remark 3.2. In the study of an analogous problem for Schrddinger operators M2V . the authors prove 
a result similar to Proposition ^. l\ without assuming that the perturbation is small at infinity ( it only has 
to be small with respect to B in a suitable sense). Their proof mainly relies on the structural inequalities 
Hsch '■— + Ii\ + Pg > ±P. In the Dirac case, the counterpart of these turn out to be 

Hi > 2B- diag(0, 1,0,1) and H% > -2B ■ diag(l, 0, 1, 0), 

where diag(- • • ) stands for a diagonal matrix. If we assume that the magnetic field is bounded from 
below, the first inequality enables us to treat pertubations of the type diag(Vi, V2, V3, V4) with V2, V4 
small with respect to the magnetic field and V\, V3 small at infinity in the original sense. If the magnetic 
field is bounded from above, the second inequality has to be used and the role 0/V2, V4 and V\, V3 are 
interchanged. However the unnatural character of these perturbations motivated us not to include their 
treatment in this paper. 

In order to obtain a limiting absorption principle for H, one has to invoke some abstract results. 
An optimal regularity condition of H with respect to A has to be satisfied. We refer to Q] Chap. 5] 
for the definitions of < ^ 1 ' 1 ( J 4) and ^ 1 - 1 (A; T>(Ho), T>(Hq)*), and for more explanations on regularity 
conditions. 

Proposition 3.3. Let V be a short-range or a long-range potential. Then H is of class < ^' 1 ' 1 (^4). 

Proof. Since {e itA }t£R leaves T)(H) = D(Hif) invariant, it is equivalent to prove that H belongs to 
C ^ 1 (A;V(H ),T>(H )*) Q Thm. 6.3.4.(b)]. But in Proposition 1231(c). it has already been shown 
that H is of class C 2 (A), so that H is of class ^^(A; D(H ), D(H )*). Thus it is enough to prove 
that V belongs to D(H ), D(H )*). In the short-range case, we shaU use E] Thm. 7.5.8], 

which implies that V belongs to c tf 1 ' 1 (A; D(Hq), T>(Hq)*). The conditions needed for that theorem are 
obtained in points (i) and (ii) below. In the long-range case, the claim follows by Q Thm. 7.5.7], which 
can be applied because of points (i), (iii), (iv) and (v) below. 

(i) We first check that {e lt ^ Q ^} t em is a polynomially bounded C -group in D(H ) and in D(H )*. 
Lemma l2~3l (a) (with n = and /(Q3) = (Q3)) implies that Hq is of class C 1 ((Q3)). Furthermore, by 
an argument similar to that given in part (b) of the proof of Proposition l2.5l one shows that {e**^ 3 ^}t e R 
leaves T)(Ho) invariant. Since Hoe lt ^ 3 ^ — e lt ^^ Hq, defined on extends continuously to the op- 
erator £a 3 Q3(<93)"V* <Q3> G SS{H), one gets that \\e %t ^\\. m ^ iHo)) < Const. (i) for all t G K, 
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/.e. the polynomial bound of the Co-group in T)(Hq). By duality, {e lt ^ 3 ^}j g R extends to a polynomially 
bounded Co-group in D(Ho)* | 1 Prop. 6.3.1]. The generators of these Co-groups are densely defined 
and closed in T)(Hq) and in T>(Hq)* respectively; both are simply denoted by (Q3). 

(ii) Since {e lt }tew leaves D(Hq) invariant, one may also consider the Co-group in T)(Ho) ob- 
tained by restriction and the Co-group in D(Hq)* obtained by extension. The generator of each of these 
Co-groups will be denoted by A. Let T>(A; T>(H )) := {tp G T>(H ) n T)(A) : A<p G D(H )} be the 
domain of AmD(H ), andlet ©(A 2 ; D(iJ )) := W G D(H )nD(A 2 ) : Atp, A 2 ip G D(H )} be the 
domain of A 2 in D(i?o). We now check that {Q 3 )' 1 A and (Q 3 )~ 2 A 2 , defined on D (A; D(H )) and on 
D(A 2 ; D(JJo)) respectively, extend to operators in &(D(Ho)) ■ After some commutator calculations 
performed on and involving Lemma l2~3l one first obtains that (Q 3 )~ 1 A and (Q 3 )~ 2 A are respec- 
tively equal on & to some operators Si and Sa(Q3} — 1 in 33(H), where Si and S2 are polynomials in 
Hq , PsHq , 0:3 and /(Q3) for bounded functions / with bounded derivatives. Since S> is a core for 
A, these equalities even hold on 2) (A). Hence one has on T)(A 2 ): 

(Q 3 )- 2 A 2 = ((Q 3 )- 2 A) A = S 2 (Q 3 )- 1 A = S a 5 x . 

In consequence, (Q 3 )~ 1 A and (Q 3 ) _2 A 2 are equal on D(A) and on D(A 2 ) respectively, to operators 
expressed only in terms of H^ 1 , P 3 Hq , a 3 and f(Q 3 ) for bounded functions / with bounded deriva- 
tives. Moreover, one easily observes that these operators and their products belong to ^(D(JJo)) ■ Thus, 
it follows that (Q 3 )~ 1 A and {Q 3 y 2 A 2 are equal on D(A; D(H )) and on T>(A 2 ; T>(H )) respectively 
to some operators belonging to &yD(Ho)). 

(iii) By duality, the operator ((Q^A)* belongs to &(D(H )*). Now, for tp G T>(H )* and 
ip G D(A;D(iJ )),onehas 

(((Qa)- 1 ^)*^) = (^.(Qa) -1 ^) = ((QsrV, Asp) , (3.13) 

where (•, •) denotes the duality between 'D(Hq) and 'D(Hq)*. Since (C/s) -1 is a homeomorphism from 
D(ilo)* to the domain of (Q 3 ) in V(H )*, it follows from (OTBt that the domain of (Q 3 ) in D(H )* is 
included in the domain of A in T>(Hq)* (the adjoint of the operator A in D(Hq) is equal to the operator 
-A in £>(#<,)*). 

(iv) The inequality r \\ ((Q 3 ) + ir) _1 \\gg(D(H )*) < Const, for all r > is obtained from relation 
(13. 151 . given in the proof of Lemma l2.3l with f(Q 3 ) — ((Q 3 ) + ir)~ 1 . 

(v) Assume that V is a long-range (scalar) potential. Then the following equality holds in form 
sense on 3: 

2 [*V, A] = -QsidaV)^ 1 - H^Q 3 (d 3 V) + \iV, H^ 1 ] Q 3 P 3 + P 3 Q 3 \iV, H^ 1 ] , (3.14) 

with \ iV, Hq 1 ] = J2j=i HQ 1 aj(djV)HQ 1 . Using Lemma lZJl fa). one gets that the last two terms in 
(I3.14> are equal in form sense on 3 to 

3 3 

It follows that [iV, A], defined in form sense on extends continuously to an operator in 3§(TL). Now 
let fl be as in Definition ll.il Then a direct calculation using the explicit form of [iV, A] obtained above 
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implies that 



D 

r 



for all r > and some positive constants C and D. □ 

As a direct a consequence, one obtains that 

Lemma 3.4. If V satisfies the hypotheses ofTheorem \1.2\ then A is conjugate to H on R \ cr® ym . 

Proof. Proposition 13 . 31 implies that both Ho and H are of class 'if 1 ' 1 (A). Furthermore, the difference 
(H + i)^ 1 — (Ho + i)^ 1 is compact by Proposition l3.ll and Qjj > on R \ <7g ym due to Proposition 
|2~71 Hence the claim follows by |T] Thm. 7.2.9 & Prop. 7.2.6]. ° □ 



We can finally give the proof of Theorem ll.2l 

Proof of Theorem \l.2\ Since A is conjugate to H on R \ a® ym by Lemma l3~4l the assertions (a) and (b) 
follow by the abstract conjugate operator method Q] Cor. 7.2.1 1 & Thm. 7.4.2]. 

The limiting absorption principle directly obtained via (fl Thm. 7.4.1] is expressed in terms of 
some interpolation space, associated with T>(A), and of its adjoint. Since both are not standard spaces, 
one may use Q] Prop. 7.4.4] for the Friedrichs couple (T>((Q^)),T-i) to get the statement (c). In order 
to verify the hypotheses of that proposition, one has to check that for each z € C \ o(H) the inclusion 
(H - z)- 1 T>((Q 3 )) C D(A) holds. However, since D((Q 3 )) is included in T>(A) by Proposition^! it 
is sufficient to prove that for each z € C\a(H) the operator (H — z)^ 1 leaves ^((Q^)) invariant. Since 
D(H) = D(Ho) is left dinvariant by the group {e 4 *^ 3 ^}t g R (see Proposition 13. 31 (1)) one easily gets 
from 1 1 Thm. 6. 3. 4. (a)] that H is of class C 1 ((Q3)), which implies the required invariance of D((Q3)) 
EThm.6.2.10.(b)]. □ 



Appendix 

Proof of Lemma \2~2~\ (a) Let ip, ip be in 2). Using the transformation i2.l\ . one gets 

Js. 

Now the map R 9 £ i— > ^o(0~™ € £$(H 12 ) is norm differentiable with its derivative equal to 

" E?=i ^W^a^CO^"^ Hence {0 C [flo(O~"(-^>)(O]}*€R belongs to J® W 12 d£. Thus one 
can perform an integration by parts (with vanishing boundary contributions) and obtain 

(ff ->,Q 3 V>= / (i^[ffo(0- n (^)(0],OT)(0>„ la ^- 

It follows that | (Ho n (p, Q^ijj) | < Const. ||^/>|| for all t/1 e f. Since Q3 is essentially self-adjoint on 2>, 
this implies that i? c j~ T V belongs to T>(Q 3 ). 
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(b) The boundedness of P^H n 1 is a consequence of the estimate 



ess sup 11^0(0 1 \\&(n la ) =esssup 
5eK JGR 



[iJ (0)2+^]l/2 



< OO 



and of the direct integral formalism |6 Prop. 3.6 & 3.7]. The remaining assertions follow by standard 
arguments. □ 

Proof of Lemma \2J\ (a) One first observes that the following equality holds on S): 

iH^f{Q 3 )H = -H^ l a 3 f'{Q 3 ) + if{Q 3 ). (3.15) 
Now, for (p, ijj G 3 and t] e H^S, one has 

(^iH^fiQsH - {^if{Qz)H- l v ) 

= {ip,iH^f{Q 3 )H Q ^) + (<p,iHo X f(Q 3 )(ri - H^)) - (/(Q^M^r,) 
= - {ip,H^a 3 f{Q 3 )H^rf) - {ip,Ha l a 3 f{Q 3 )H^{Ho^ - n)) 
+ (f(Q 3 )<p,iH^(H TP - V )) + (f(Q 3 )Ho l p,i(r)-H iP)), 

where we have used ( 13 . 1 5i in the last equality for the term (ip, iH^ 1 } '(Q 3 )Hoip) ■ Hence there exists a 
constant C (depending on ip) such that 

IfaiH^fiQs)*) - {ip,if{Q 3 )Ha l r]) + (^H^asfiQ^H^^l < c\\r,- H ^\\. 

Then the statement is a direct consequence of the density of HqS and Si in H. 

(b) This is a simple corollary of the point (a). □ 
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